We derive a closed expression for the space shift experienced by colliding ultrasonic dark solitons in the context of deformed non-linear Schrödinger models. A perturbative scheme is developed based on the expansion parameter 1/(γv) << 1, where v is the velocity of the incoming gray soliton, γ ≡ 1/ 1 − v 2 /v 2 s and vs is the Bogoliubov sound speed, therefore it is not restricted to small deformations of the integrable NLS model. As applications of our formalism we consider the integrable NLS model and the non-integrable cubic-quintic NLS model with non-vanishing boundary conditions. Extensive numerical simulations are performed in order to verify our results.
Introduction
The mathematical theory of soliton collisions in the integrable models is a well developed subject. In particular, the solitons emerge with their properties completely unchanged after collision between them, except for relevant phase shifts. However, certain non-linear field theory models possess solitary wave solutions and it is difficult to know a priori if they are in fact true solitons with analytical multisoliton solutions. Regarding this issue the so-called quasi-integrability concept has recently been put forward related to the deformations of the integrable sine-Gordon (SG) and non-linear Schrödinger (NLS) models [1] . According to this new concept certain deformed integrable field theory models share some properties with their truly integrable counterparts for some configurations, for example they possess an infinite number of quasi-conserved charges.
For the case of two solitary wave collision those charges are asymptotically conserved in the scattering process, although the charges vary in time their values in the far past and the far future remain the same. The both numerical and analytical tools were used to define and describe the concept of quasi-integrability.
Our aim is to predict the results of solitary wave collisions in deformed NLS models with non-vanishing boundary conditions. Such theories appear in diverse areas of non-linear science, such as condensed matter physics, plasma physics and, in particular, in the study of Bose-Einstein condensates. We are also motivated by the above mentioned quasi-integrability property in deformed NLS models with non-vanishing boundary conditions in which sufficiently fast solitary waves effectively pass through each other.
In the context of analytical calculations some results have been obtained only for the cases of small perturbations of the NLS model [2, 3, 4] . For nearly integrable models it has been implemented a perturbation theory allied to the the inverse scattering transform (IST) method [5] . These methods have been applied mainly to the NLS solitons that decay at infinity, i.e. the bright solitons. They encompass the above mentioned perturbation theory based on IST and a direct perturbation theory [6] . On the other hand, the dark solitons are intensity dips on a continuous wave background with a phase change across their intensity minimum. However, the non-vanishing boundary of dark solitons, which may change when the deformations are present, introduces serious complications when applying the perturbative techniques developed for bright solitons. In the last years, various improvements have been made to the calculations and methods [7, 8, 9] based on the so-called complete set of squared Jost solution (eigenvectors of the linearized NLS operator) in order to apply to the non-vanishing boundary conditions and dark soliton perturbations. The implementation of direct methods, however, consider small perturbations around the NLS model [4, 10] . Moreover, in [4] it has been argued that the squared Jost functions associated with the dark soliton might be an insufficient basis, so rendering problematic the issue of a complete basis for the solution space of the deformed NLS equation.
Here we propose a method to study ultrasonic solitary wave collisions in the context of a perturbation theory performed order by order in an expansion parameter related to the both velocity of the incoming soliton and the Bogoliubov sound speed. The expansion parameter has a kinematic origin and does not appear explicitly in the Lagrangian of the model. In this way our series expansion is not restricted to small deformations around the integrable NLS model. We will assume that at zeroth order in this parameter the colliding solitary waves effectively pass through each other and provide the leading order contribution to the space shift experienced by a stationary soliton after colliding with an incoming soliton. Similar perturbative framework has recently been considered in the study of scattering of ultra-relativistic kink-type solitary waves of the deformed SG model [11, 12] . We present the relevant developments in the context of a non-Lorentz invariant field theory associated to the NLS complex field and show that the absolute value of the space shift experienced by a black soliton after collision with an ultrasonic gray soliton decreases as the velocity increases, in this way resembling the behaviour of ultra-relativistic kink-(anti)kink collisions.
It has recently been shown that the perturbed dark soliton of the NLS model comprises an inner region, containing the core of the soliton and a moving shelf, and an outer region which matches to the boundary at infinity [13, 4] . The main features of those results relevant to our discussions here are the appearance of a shelf of finite length around the both sides of the soliton the edge of which propagates with speed determined by the background intensity, and that the difference between the amplitude of the shelf and the outer background is very small compared with the amplitude of the background intensity.
The main characteristics of our perturbative scheme are the following. We consider a linear superposition of two solitary wave solutions as a good background solution during collision, such that the interaction of the colliding solitons occurs significantly in the overlapping region which is a region contained in the inner region of the perturbed stationary solitary wave. The continuous wave background will be subtracted on top of the linear superposition in order to maintain the non vanishing boundary condition at infinity. So, we are interested in investigating the effects of short-range interactions between the dark solitons and the long range contributions arising from the shelves mentioned above will be ignored in the integrals employed to compute the space shift. In the rest frame of the stationary solitary wave where the other approaches with velocity |v| → v s , the space-time integration of the overlapping region becomes proportional to 1 vγ , where γ = 1/ 1 − (v/v s ) 2 >> 1, v s being the Bogoliubov sound speed. This property is systematically used to provide a perturbative framework in order to calculate the space shift experienced by the stationary soliton, using the small value of ( 1 vγ ) as the parameter of our perturbation expansion. The perturbation parameter ( 1 vγ ) arises after space-time and suitable field space transformations are performed simultaneously. In this regard the implementation of the perturbative analyses of the non-relativistic deformed NLS model is slightly different from the relativistic deformed SG model in which an analogous factor appears directly from a coordinate transformation to the rest frame of the static soliton [11] .
The paper is organized as follows. In section 2 we discuss a deformed NLS model with non-vanishing boundary conditions and the relevant equations leading to dark soliton solutions. In section 3 we develop a perturbative scheme in order to compute the space shift experienced by a black soliton after colliding with a gray soliton. In section 4 we present some examples of application of our formalism. The integrable NLS model is considered in some detail in order to check our perturbative scheme. Afterwards, the collision of dark solitons of the cubic-quintic NLS model is studied as an example of a non-integrable theory. In section 5 we develop numerical simulations for the both models considered in section 4. In section 6 we discuss the main results and possible future directions of research. Finally, in the appendix A the properties of dark soliton interaction in the integrable NLS model are presented, and in the appendix B some properties of dark solitons of the cubic-quintic NLS model are discussed
Deformed NLS models and solitary waves
Various generalizations and deformations of the integrable NLS model arise in physical applications. We will consider the deformed NLS models of the type I+ρs ) also exhibits analytical dark solitons [16] . The qualitative properties of travelling waves of the NLS model for general non-linearities and non-vanishing boundary conditions have been studied in [17] . The formalism developed here to study soliton collisions will require the deformed NLS model to possess dark-soliton type solutions obtained either analytically or numerically, as well as the condition that the linear superposition of two such solitons provides a good background solution during their collision.
We will consider translationally invariant solutions of the form
satisfying the following non-vanishing boundary condition (nvbc)
The nvbc (2.3) is suitable for wave solutions in the form of localized 'dark' pulses created on the continuous wave background (cwb) at rest
where
dy ) is the phase shift experienced by the cwb with intensity |ψ 0 | 2 , in the non-linear medium with intensity |ψ| 2 and varying according to the law
∂|ψ| 2 . Moreover, we will consider a family of systems such that small oscillations around |ψ| = |ψ 0 | of (2.1) defines a hyperbolic system with sound speed
Solitary waves
Among the solutions of type (2.2) let us assume some dark solitons as follow
where ψ 1 will be the stationary 'black' soliton and ψ 2 will be the incoming 'gray' soliton. φ 1 , φ 2 , θ are smooth functions of their arguments such that
. Moreover, they converge exponentially fast to the non-vanishing boundary conditions:
The constant phase ζ in (2.6) has been introduced for later purpose, and the frequency w has been assumed to be the same as the one of the cwb in (2.4).
One can write an equation for φ 1 by substituting the Ansatz for ψ 1 (2.6) into (2.1)
From the equation (2.8) one can get the relationships
The corresponding solution for the NLS model is a black soliton φ 1 , the solution (A.4) with v = 0, which is an antisymmetric function of space and develops an abrupt π phase shift and zero intensity at its center. The ∓ signs in (2.9) correspond to the regions x ∈ [−∞, x 0 ] and x ∈ [x 0 , +∞], respectively, where Substituting the Ansatz for ψ 2 (2.7) into (2.1) one gets the following equations
Integrating the last equations one gets
In the NLS case one has the solution (A.4) such that φ 2 = |ψ(x, t)| and θ being the space dependent phase of ψ(x, t). Whereas, the gray soliton φ 1 of the CQNLS model is presented in (B.4) and the space dependent phase in (B.6). Notice that in the both models the ∓ signs in (2.12) correspond respectively to the regions z ∈ [−∞, z 0 ] and z ∈ [z 0 , +∞] of the dark soliton, where z 0 is the coordinate in which the soliton amplitude approaches its minimum intensity (dip).
The analytical expression for the two-dark soliton solution of the integrable NLS model is presented in (A.5) which allows the computation of the exact value of the space shift developed after collision of black and gray solitons (A.10). In Fig. 1 we have plotted a collision process of these solitons.
The above relationships (2.9) and (2.12)-(2.14) will be used below in our study of the soliton collisions in the framework of a perturbative scheme and in the Appendix B in order to find the CQNLS dark solitons.
Perturbative expansion for black and gray soliton collision
In order to study dark soliton collisions we will assume that the system (2. 
Here ψ 1 (x, t) represents the stationary 'black' soliton (2.6) and ψ 2 (x, t) the moving 'gray' soliton (2.7).
The function h(x, t) describes the perturbation effects around the core of the stationary black soliton generated by the collision. It has been included the continuous wave background (2.4) in order to subtract the nvbc reference term ψ 0 (x, t) on top of the superposition, since the functional f [I] associated to the potential of the system is not periodic. The constant phase parameters ζ and δ associated to the black soliton (2.6) and the cwb (2.4), respectively, will play below an important role in order to compute the space shift. The Fig. 2 shows a gray-black soliton system of the CQNLS model before, during and after collision. Notice the successive deformations experienced by the static soliton during the entire process, in particular the Fig.   2 .c. shows the deformation, described by the function h(x, t) above, of the core of the static soliton during the nearest position of the both solitons.
As mentioned above a dark soliton under perturbation develops a shelf the edge of which propagates out on the both sides of the soliton. In order to study the radiation shed by an evolving dark soliton one can linearise the NLS equation (2.1) about the (cwb) as ψ a (x, t) ≈ |ψ 0 |e iwt + |ψ 0a |e iwt . So, the moving shelves contributions associated to each soliton can be incorporated as ψ a (x, t) + |ψ 0a |e iwt (a = 1, 2); however it has been shown that |ψ 0a | << |ψ 0 | [13, 4] , therefore we will neglect them in our computations of the space shift at first order in 1/(vγ).
The equation (2.1) can be linearized in order to find the equation for h(x, t). So, one has
The expressions W 1 , W There is another equation forh, where the bar stands for complex conjugation, which can be obtained by taking the complex conjugate of (3.2).
In order to find solutions of the eq. (3.2) we expand h(x, t) as
where {u λ (x)} form an orthonormal basis and solve the eigenvalue equation in matrix notation A remarkable fact is that one can find the first zero modes (λ = 0) [18] . Those zero-modes are associated to the following four fundamental symmetries of the NLS model: phase, translational, Galilean and scale invariance, respectively.
Space shift and a perturbative expansion
Next, we make use of the linearized equation (3.2) in order compute the space shift experienced by the black soliton after collision with a gray soliton. It is considered that the ultrasonic gray soliton is approaching the static black soliton from the negative x direction as in Figs.1 and 2. Let us expand the stationary black soliton as
Then in order to extract the space shift we take The function ∂ x ψ 1 (x, t) above is precisely the zero mode u 2 0 (x) (3.14) associated to the space translation symmetry of the deformed NLS model. Comparing (3.16) with the eigenmode expansion as in (3.11) one can see that the ellipses represent the expansion terms in the eigenmodes which are orthogonal to ∂ x ψ 1 (x).
Regarding the velocity change of the black soliton ∆V one can consider a term like h(x, t) = u 3 0 (x)∆V + ..., where u 3 0 (x) is the zero mode associated to Galilean symmetry of the deformed NLS model. However, as we will show below the space shift does not present a time dependence at leading order of perturbation theory, so the velocity change ∆V must be zero at this order. This fact is also verified through our numerical simulations for some concrete examples. We are mainly interested in the effects of the zero mode associated to space translation and postpone for a future work the treatment of the remaining zero modes and higher order effects.
Since ∆W 1 , ∆W 1 2 and ∆W 2 2 are multiplied by h in (3.2) their effect are small compared to the source term S, so substituting (3.16) into (3.2) and considering only the source term S one can get
Projecting out the last relation and its complex conjugate onto the zero modes associated to space translation symmetry ∂ x ψ 1 and ∂ xψ1 , respectively, and integrating with respect to x one gets
Consider the initial condition ∆x(t → −∞) = 0, then integrating (3.18) w.r.t. t one has
The last equation, taking into account the source S (3.6) and the expressions of the dark solitons (2.6)-(2.7), can be rewritten as
In the next steps we will change the space-time (x, τ ) integration to the field space (φ 1 , φ 2 ) integration in the limit t → +∞. So, consider the coordinate transformation
The above transformation and (2. is the minimum intensity of the gray soliton, and it is assumed that the gray soliton is approaching the localized region of the black soliton from the negative x direction with a speed v. Therefore, in the limit t → +∞ the expressions for N (+∞) and D(+∞) in field space can be written as
where the field θ appearing above explicitly, as well as through the expression for |Ψ 0 | given in (3.23), must be substituted in terms of the 'integration variable' φ 2 through θ = Θ[φ 2 ] from (2.14).
So, after the colliding ultrasonic 'gray' soliton ψ 2 is sufficiently far from the stationary 'black' soliton ψ 1 the space shift of it becomes
] is the energy of the stationary black soliton.
For some models which allow analytic solitary wave solutions one observes that the maximum |ψ 0 | and minimum q 0 intensities of the incoming wave are associated, respectively, to some roots of the functional
This feature is present in the models with saturable nonlinearities [16] and in the NLS and CQNLS models presented in the appendices A and B, respectively. Then, the integrand in (3.25) diverges in the both end points of the integration interval, requiring a certain regularization procedure in order to extract a finite value for the space shift expression. Moreover, the difference between the roots behave as (|ψ 0 | − q 0 ) → 0 for v → v s , i.e. in the ultrasonic limit. Making use of the above properties (discussed in the appendices for the NLS and CQNLS cases) and in order to see the appearance of the perturbative parameter 1/(vγ) in the expression for N in (3.25) one makes a transformation to a convenient field space
, such that (3.25) can be written as
where .14), where the minus sign has already been taken into account in the relevant region of integration. Notice that the factor 1/(vγ) above is not directly obtained from a space time transformation as in the analog computations in relativistic scalar field theory models [11, 12] , in our case it also requires an additional field space transformation (3.28). The parameter u o in general may depend on v and the parameters of the theory. For example in the NLS case below we will find that u o is a vanishing parameter in the ultrasonic limit and in the CQNLS case the relevant u o is a constant equal to unity. So, making use of eq. (3.27) and computing the zero'th order term of the integral in (3.30) one can write the space shift as implying that no velocity change is observed at leading order.
In this way the above result for the space shift furnishes the leading order term of the stationary soliton perturbation h(x, t) through the expression (3.16). Note that in that expression this contribution accounts only for the zero mode related to space translation. Next, we present some examples of application of the above formalism, paying special attention to the relevant field space transformation in each model in order to extract the expansion parameter 1/(vγ).
Examples

NLS model
Let us consider the integrable defocusing NLS model in order to test the formalism developed above. One has the NLS model defined by
where we have considered f ′ [I] = βI in (2.1). Note that in this model a closed analytic expression is available for the space shift of colliding gray-black solitons (A.10)-(A.11). Next let us compute the phase shift applying our formalism. So, take
Then, from the eqs. (2.9)-(2.14) one can get
where θ 1 is a constant of integration. The function G[φ 2 ] possesses two roots, i.e. {|ψ 0 |, v/ √ β}. The first root is the maximum intensity, whereas the second one is the minimum intensity (dip) of the dark soliton, respectively. In the field space integration of N (3.25) the field φ 1 appears only in the expression of (3.23) ; so after integrating in φ 1 one has
where the relationship (4.4) must be used in order to write the integrand only in terms of the 'integration variable' φ 2 . The above expression can be written in terms of the perturbation parameter ( 1 vγ ) as in (3.29) in order to organize the perturbative series. In fact, the expression (4.5) can be written as
Notice that the upper limit of the integration interval u o approaches zero in the ultrasonic limit v → v s . So, due to the overall factor ( 1 vγ ) it can be sufficient to evaluate the zeroth order term of the integral. However, it is instructive to perform the full integration in order to see the nature of the divergences. In fact, the integrand in (4.5) presents certain divergences at the both ends of the interval [ 
The above expression, except the finite term of the last line, presents certain divergences when evaluated at the end points of the integration interval, i.e. the functions log (|ψ 0 | 2 − φ 
From the system (4.9)-(4.10) one gets the relationships
Therefore, using the relations (4.9)-(4.10) in the expression (4.8) one gets a finite value for N in (4.5) 
14)
where v s is the sound speed. Notice that the space shift ∆x will depend on three independent parameters, {v, v s , δ}. However, the parameter δ can be fixed by considering the convergence of our series expansion to the value provided by the exact NLS phase shift in the limit v → v s .
On the other hand, the exact analytic expression for the space shift experienced by a black soliton after colliding with a gray soliton in the NLS model becomes (see (A.10)-(A.11))
Whereas, the leading order term of the expression (4.14) in the limit v → v s (γ >> 1) becomes 
Away from NLS: cubic-quintic non-linear Schrödinger (CQNLS)
Consider the non-integrable cubic-quintic NLS model defined by 
24)
Notice that in order to find the relationship (B.8) between the fields φ 2 and θ it is not necessary to have the explicit analytical solution of the gray soliton, since that relationship can be obtained from (2.12)-(2.14). It is clear that the integral in (4.23) diverges at the end points of the integration interval which are associated to the roots of the functional G[φ 2 ] (B.1). In order to extract a finite value for this integral, as in the computation of the usual NLS case above, one could examine the relevant divergent terms of the indefinite integral and choose convenient values for the set of parameters {ζ, δ, θ 1 } such that the definite integral becomes finite.
However, in the present case this procedure turns out to be very cumbersome since it involves various types of Elliptic integrals and the relationship between the parameters would be complicated, therefore we will perform the computation considering a power series expansion in the perturbation parameter 1/(vγ).
So, we make a relevant transformation in order to write (4.23) in the form (3.29)-(3.30). Taking the following transformation
the expression (4.23) becomes
Remarkably, the overall factor 1/(vγ), which is the expansion parameter in the problem, appears in the expression (4.26). Then it will be sufficient to compute the zeroth order term of the integral in the power series expansion in the parameter 1/(vγ). However, this process must be performed carefully due to the divergence of the integrand at u = 1(φ 2 = |ψ 0 |) which appears explicitly in (4.26) and the indeterminate values which may appear when some terms of the functional K[φ 2 , ζ, θ 1 , δ] vanishes at this point. Notice that this divergent point is also achieved in the ultrasonic limit 
We are interested in the zeroth order term of the series expansion above. For simplicity in the computations we will choose some set of parameters {δ, θ 1 , ζ} in the ultrasonic limit (γ → ∞). In fact, a huge simplification is achieved for the choice
For the value θ 1 ≈ 0 the phase θ(z) of the gray soliton will remain as an odd function in the moving coordinate system, up to the lowest order (see the discussion below (B.6)). Moreover, the set of values (4.29) renders finite the lowest order term of the integration in (4.26). Considering the zeroth order contribution from (4.28) and performing the integration in (4.26), one has
From (B.13) one gets D = 2M CQ and therefore the space shift, using the relationship (3.27) becomes
This is the leading order in vγ (c(0) = 3/2), i.e. this is the space shift in the ultrasonic limit when the parameters satisfy α|ψ 0 | 2 << β. There is another value of λ for which one has the same value of c(0), i.e. λ = 0.526644 (the space shift for these values is plotted as a dashed line in Fig. 5 ).
Moreover, the expression c(λ) above has a singular point at λ = 0.75, then one must have (0 ≤ λ < 0.75).
Therefore, our leading order result is meaningful in the regions of parameter space such that α < 3β 4|ψ0| 2 . Fourth, the study of the relationship between the rate of convergence of the first order approximation in (4.31) and a set of parameters {α, β, |ψ 0 |} is interesting in its own right. The convergence check at a fixed (vγ) can be performed by comparing (4.31) and its λ dependence to the numerically calculated space shift.
For a deformed NLS model this rate of convergence problem can be related to the study of the functional form of f [I] in eq. (2.1) and deserves a further exploration.
Simulations
The deformed NLS model (2.1) corresponds in general to a non-integrable model, so in the cases in which a dark soliton type solution exist in analytical form we do not expect to find an analytical expression for the collision of two solitons. That is the case for example in the cubic-quintic and certain cases of the NLS with saturable nonlinearities. However, the analytical expression of one solitary wave can still be used to provide an initial condition for the interaction of two solitary waves. So, in those cases we can take as the initial condition two one dark solitons some distance apart.
After the fast-moving gray soliton has moved away from the region occupied by the stationary black soliton, one is left with the stationary black soliton profile plus perturbations generated by the collision process. The spectrum of perturbations includes the space shift ∆x of the position of the black soliton which we will compute numerically. The space shift can then be obtained by projecting the numerically calculated h(x, t) onto ∂ x ψ 1 (x) (and their relevant complex conjugates), so from (3.16) one can write
where the stars stand for complex conjugation and h(x, t) can be obtained from (3.1) as
The function Ψ(x, t) is provided by the numerical evolution of the full equation. We compute ∆x(t) in (5.1) after the fast moving gray soliton has already been collided and it is sufficiently far from the stationary black soliton, then the asymptotic value of the gray soliton has been taken as |ψ 0 |e iθ − e iwt . It has been considered that the dark soliton is approaching from the negative direction of x, then after the collision one has the asymptotic value of the phase θ(−∞) = θ − . We consider a finite integration range in (5.1) in such a way that the derivatives ∂ z |ψ 1 | and ∂ z |ψ 2 | vanish outside the region of interaction of the solitons as in Figs. 1 and 2 . Notice that the analytic result computed in (3.33) is time independent, whereas the numerical result (5.1) is not. There are a number of sources of time dependence. First, the finite box approximation for the numerical calculation renders the orthogonality of the zero-mode ∂ x ψ 1 with the other vectors of the basis not to be exact. Second, the factors e iwt which appear in the dynamics of the individual dark solitons and the time dependence of the numerically calculated solution Ψ(x, t). We extract the desired space shift by fitting the numerically calculated ∆x(t) to a straight line as h in the r.h.s. of (3.2) are properly taken into account, in addition to the source term S which has already been considered in our calculations. However, we expect that in the integrable NLS model ∆V = 0, to all orders in the perturbation expansion. The relevant developments for the higher order terms will require the knowledge of a complete set of orthonormal basis {u λ (x)} in (3.11) which we postpone to a future publication.
We performed extensive numerical simulations for the both the integrable NLS and the non-integrable cubic-quintic NLS models in order to check our results. The simulations are carried out by varying the velocity of the incoming soliton while the other set of parameters of the model are maintained fixed, and afterwards by fixing the value (vγ) and varying the remaining constants of the model (e.g. {|ψ 0 |, α, β} in the CQNLS model). Next we present the numerical simulation results for the NLS model and the CQNLS models, respectively. NLS model. We have solved numerically the integrable NLS model defined in (4.1). We develop this procedure for an initial condition (t = 0) suitable for the interaction of gray and black solitons 6) where the solution (A.4) has been used, for the dark soliton one has v = 0 and for the black one v = 0.
Despite the fact that one has an analytical solution for the gray-black system in the NLS model (A.5), which describes their collision at any time, the initial condition (5.5) considers the asymptotic form of each soliton 
Cubic-quintic NLS (CQNLS).
The numerical method TSCP is specialized in order to simulate the soliton collisions in the cubic-quintic NLS model (4.22) . As the initial condition (t = 0) suitable for the interaction of gray and black solitons of the CQNLS model we consider the static solutions provided by (B.4)-(B.6) and (B.11)-(B.12), respectively, located far apart
The gray soliton is initially centered at x 2 and moves to the right with velocity v = ( αξ2ξ1 3 ) 1/2 , the stationary black soliton is initially centered at x 1 . Note that in the ultrasonic limit one has r 2 → 0 (see eqs. (B.5) and (B.9)), so the constant phase above vanishes µ → 0. Therefore it is necessary to introduce an overall factor e iζ in the initial condition (5.7) in order to match the constant phase introduced for the black soliton (2.6).
This parameter also appears in the perturbative computation of the space shift in (4.29). In the numerical simulation we will consider initially well-separated solitons, this amounts to considering the distance between them to be several times the width of the solitons, i.e. |x 1 − x 2 | > So by varying λ one is effectively probing the space shift behaviour as if the quintic coupling constant α was varying. Therefore, the value of (vγ) and the set of values of λ at which the analytic result (4.31) provides a good agreement with the numerical calculations depend on the model parameters. Notice that the second interval I 2 contains the point λ = 0.654221 ∈ I 2 in which the analytic expression for the space shift changes sign (the interaction starts becoming attractive). Note also that at the limiting point λ = 0.75 the leading order result diverges.
We checked through our numerical simulations that the velocity change behaves as ∆v = 0
Finally, we conclude that the leading order calculation of the space shift is in good agreement with our numerical simulations for a wide range of parameter values.
Discussions
We developed a perturbative scheme to compute the space shift experienced by a black soliton after collision with an ultrasonic dark soliton in deformed NLS models. The colliding ultrasonic dark solitons pass through each other and for linearized perturbations the stationary soliton's perturbations can be expanded as a power series in the parameter 1/(vγ). This is possible due to the fact that the overlapping region in space-time during collision possesses an area which is proportional to the factor A int ∼ 1 vγ . This factor is extracted by simultaneous space-time and suitable field space transformations, which is provided for each deformed NLS model. We furnished a prescription to compute the leading order contribution to this free passage.
We provided a closed expression for the leading order contribution to the space shift (3.33). This expression depends on the the parameters of the theory, such as the coupling constants and the cwb amplitude, and the function f [I] which defines the equation of the deformed model (2.1). Remarkably, this result does not depend on the knowledge of the explicit solutions of the dark solitons. Two examples of applications are presented, the integrable NLS and the non-integrable CQNLS models. First, we have checked our analytical results with the integrable NLS model and found that they are in excellent agreement. Second, for the nonintegrable CQNLS model we derived the leading order in (1/(vγ)) contribution (4.31) which depends on an effective parameter λ and checked with simulations. We found a good match with the numerical simulation results for a wide range of the parameter values.
It must be emphasized the role played by the constant parameters associated to the phase factors of the black soliton and the cwb in the regularization procedure. This procedure has been performed in order to get finite values for the space shift in the both models presented above.
Our analytical and numerical results show that qualitatively the ultrasonic dark soliton collisions share some features with the kink-kink type collisions of the deformed SG model [11] . In fact, the absolute value of the space shift |∆x| decreases with increasing velocity in the both NLS and CQNLS models. In addition, in the CQNLS case and for fixed (vγ) the space shift changes sign for certain value of the effective coupling constant λ. This resembles the behaviour of the space shift in terms of the deformation parameter α for the deformed SG with potential V (φ) = (1 − cos φ)(1 − α sin 2 φ) [11, 12] .
It would be interesting to see the effects of higher order terms and the remaining zero modes associated to phase, Galilean and scale invariance in future research. On the other hand, it is well known that the integrable models are characterized by the lack of velocity change after soliton collisions and that the quasi-integrable systems share some properties with their integrable counterparts. These properties of the quasi-integrable systems deserve future investigations in the framework of our formalism.
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Here we present the one and two-dark solitons of the NLS model. The space shift experienced by a black soliton after collision with a gray soliton is computed. Consider the defocusing NLS equation
The simplest solution of (A.1) has the form of a continuous wave
In this work we will consider the continuous wave background at rest, This solution possesses three arbitrary real parameters, v, P and β. The intensity function |ψ| moves at the velocity v, which is the velocity of the dark soliton. The dark soliton approaches constant amplitude (P 2 + v 2 )/β as |x| → ±∞. As x varies from −∞ to +∞ the soliton acquires a phase 2 arctan (v/P ) − π.
Moreover, at the center of the soliton, i.e. for x − vt − x 0 ≡ 0, one has that the intensity becomes |ψ| center = v/ √ β. This center intensity is lower than the asymptotic amplitude |ψ 0 | and this property characterizes a dark soliton. Notice that this center intensity is controlled by the parameter η; i.e. this parameter defines the "darkness" of the soliton. The soliton with v = 0 is the black soliton, whereas the moving soliton v = 0 is the so called gray soliton. The speed of the soliton must satisfy |v| < v s .
The 2-dark soliton solution is given by [20] ψ(x, t) = |ψ 0 |e iwt 1 + y 1 e Γ1(x,t) + y 2 e Γ2(x,t) + r y 1 y 2 e Γ1(x,t) e Γ2(x,t)
1 + e Γ1(x,t) + e Γ2(x,t) + r e Γ1(x,t) e Γ2(x,t) (A.5) Γ 1 (x, t) ≡ 2P 1 (x − V 1 t − x 1 ); Γ 2 (x, t) ≡ 2P 2 (x − V 2 t − x 2 ), (A.6) r = (P 1 − P 2 ) 2 + (V 1 − V 2 ) 2 (P 1 + P 2 ) 2 + (V 1 − V 2 ) 2 , y j = e i2δj , δ j = arctan (−P j /V j ), (A.7)
−π/2 < δ j < π/2, j = 1, 2.
(A.8)
The parameters satisfy The V j are the soliton velocities and the P j are the parameters associated to the widths ( ∼ 1 2Pj ) of each soliton. Next, let us compute the space shift experienced by a black soliton after collision with a gray soliton.
Let V 1 = 0 be the black soliton velocity and V 2 = v > 0 the gray soliton velocity. Assume P 1 > 0, P 2 > 0 and that the gray soliton is initially located at x → −∞ then one has e Γ2 → 0, therefore from (A.5) one can get ψ(x, t i ) ∼ , which is the initial black soliton configuration at time t i . Consider the gray soliton is located at x → +∞ after it has already been collided with the black soliton, so e Γ2 → ∞, and from (A.5) one has ψ(x, t f ) ∼ as z → ∓∞, respectively, and it is an odd function θ(−(z − z 0 )) = −θ(z − z 0 ) in the moving frame of reference (z, t). Therefore, the dark soliton becomes parametrized as in (2.7) with φ 2 (z)
given by (B.4), θ(z) by (B.6) and
In addition, the eq. (2.14) gives, upon integration and inversion the relationship 
